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Abstract
A Lie superalgebra g is called a complete if C(g) = 0 and Der g = ad g. This paper pro-
vides sufficient conditions for a Lie superalgebra to be complete and uses this result to con-
struct families of such algebras. The basic results are a generalization of D.J. Meng [Commun.
Algebra 22 (1994) 5509].
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1. Introduction
Lie superalgebras and their representations have emerged naturally as the funda-
mental algebraic structure behind several areas of mathematical physics in 1970s (see
[1,2,6]). In [6], Kac gave a comprehensive presentation of the mathematical theory of
Lie superalgebras, and obtained an important classification theorem for finite-dimen-
sional simple Lie superalgebras over algebraically closed fields of characteristic zero.
The research on Lie superalgebra closely depends on the progress of Lie algebra. In
recent years, there have been many studies about Lie superalgebras. The definition
of a complete Lie algebra appeared in [3,5]. The theory of complete Lie algebra has
been developed in recent years. Some detailed discussions were given in [7,8,10].
The study of complete Lie superalgebras just began in 1990s (see [4], etc.). The
basic results of Meng [7] have been generalized by Chun and Lee [4].
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Let F be a field, and g = g0¯ ⊕ g1¯ be a Z2-graded algebra in F. We call g a Lie
superalgebra if the multiplication [ , ] satisfies the following identities:
(1) [xα, xβ ] = −(−1)αβ [xβ, xα];
(2) (−1)αγ [xα, [xβ, xγ ]] + (−1)βα[xβ, [xγ , xα]] + (−1)γβ [xγ , [xα, xβ ]] = 0
∀xα ∈ gα, xβ ∈ gβ, xγ ∈ gγ ; α, β, γ ∈ Z2.
Let V = V0¯ +˙V1¯ be Z2-graded vector space, where dimV0¯ = m, dimV1¯ = n,
and s = m+ n. A linear transformation x of V is said to be homogeneous of degree
γ, γ ∈ Z2, if x(Vα) ⊆ Vα+γ .
The algebra Hom(V ) (consisting of the linear transformations of V ) becomes an
associative superalgebra if one defines the Z2-gradation by
Hom(V )α =
{
A ∈ Hom(V ) |A(Vγ ) ⊆ Vα+γ , γ ∈ Z2
} ∀α ∈ Z2.
On the Z2-graded algebra Hom(V ), we define a multiplication [ , ] by
[A,B] = AB − (−1)αγ BA,
where A ∈ Hom(V )α , B ∈ Hom(V )γ , α, γ ∈ Z2. It is easily seen to be a Lie super-
algebra. This Lie superalgebra will be denoted by pl(V ) (resp. pl(m, n)) and will be
called the general linear Lie superalgebra of V.
A derivation D of degree γ (γ ∈ Z2) of a Lie superalgebra g is a linear transfor-
mation of degree γ of g with the property
D[x, y] = [D(x), y] + (−1)γα[x,D(y)] ∀x ∈ gα, α ∈ Z2.
Hence if γ = 0¯ (resp. 1¯), D is called even (resp. odd) derivation.
We denote by (Der g)γ ⊆ (Hom g)γ the space of all derivations of degree γ , and
we set Der g = (Der g)0¯ ⊕ (Der g)1¯. It is called the superalgebra of derivations of g.
Every element of Der(g) is called a derivation of g.
If x ∈ g, ad x ∈ Der g is called inner. Denote by ad g the algebra of all inner deri-
vations.
Definition 1.1. A Lie superalgebra g is called simple if it does not have any graded
ideals which are different from {0} and g and if, moreover, [g, g] /= 0.
Definition 1.2. A simple Lie superalgebra g = g0¯ ⊕ g1¯ is called classical simple if
g0¯-module g1¯ is completely reducible.
It is well known that [6,11] a classical simple Lie superalgebra is either a simple
Lie algebra or else isomorphic to one of the following classical simple Lie super-
algebras:
(1) spl(m, n) with m, n  1, m /= n;
(2) spl(n, n)/FI2n with n  2;
(3) osp(m, 2n) with m, n  1;
(4) b(n) with n  3;
(5) d(n)/FI2n with n  3;
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(6) (δ1, δ2, δ3) with δi /= 0, δ1 + δ2 + δ3 = 0;
(7) 2,3.
Definition 1.3. A Lie superalgebra g is called a complete Lie superalgebra if g sat-
isfies the following two conditions:
(1) C(g) = 0;
(2) Der(g) = ad(g).
Let g = g0¯ ⊕ g1¯ be a Lie superalgebra over F and h be a Cartan subalgebra of
g0¯. We call h a Cartan subalgebra of g. Since every inner automorphism of g0¯ ex-
tends to one of g (see [6, Proposition 1.1.1]) and Cartan subalgebras of a Lie algebra
are conjugate, so all Cartan subalgebras of g0¯ are Cartan subalgebras of g. Let the
decomposition of g with respect to h be
g =
∑
α∈
gα,
where gα = (g0¯ ∩ gα)⊕ (g1¯ ∩ gα) is Z2-graded, and h = g0¯ ∩ g0. Let
0 =
{
α ∈  | gα0¯ /= 0, α /= 0
}
, gα0¯ = g0¯ ∩ gα;
1 =
{
α ∈  | gα1¯ = 0
}
, gα1¯ = g1¯ ∩ gα.
The roots of 0 (resp. 1) are called even (resp. odd) roots. Note that a root may be
even and odd; note, furthermore, that the linear form 0 on h is not an even root of g.
However, 0 may be an odd root. Thus the decomposition of g with respect to h may
be written in the form
g = h +
∑
α∈0
gα0¯ +
∑
β∈1
g
β
1¯ .
Definition 1.4. A Lie subalgebra b of Lie superalgebra g is called a Borel subalgebra
of g if b is a maximal solvable Lie subalgebra of g.
Let g be a classical simple Lie superalgebra and h be a Cartan subalgebra of g0¯.
The decomposition of g with respect to h is
g = h +
∑
α∈0
gα0¯ +
∑
β∈1
g
β
1¯ .
Let  and + be the system of simple roots and the system of positive roots. Then
the subalgebra
b = h +
∑
α∈+
gα
is a Borel subalgebra of g, called the criterion Borel subalgebra of g.
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In the following, F is an algebraically closed field of characteristic zero and all
Lie superalgebras are finite-dimensional over F.
2. A theorem of complete Lie superalgebra
We give a sufficient condition for a Lie superalgebra to be complete. By this
method we can get many complete Lie superalgebras.
Let g be a Lie superalgebra on F, h be a Cartan subalgebra of g, and g and h
satisfy the following conditions:
(1) h is abelian;
(2) the decomposition of g with respect to h is
g = h +˙
∑
α∈
gα = h +˙
∑
α∈0
gα0¯ +˙
∑
β∈1
g
β
1¯ ,
gα = {x ∈ g | [h, x] = α(h)x, h ∈ h},
i.e., ad h can be diagonalized for h ∈ h;
(3) there is a basis α1, α2, . . . , αl of h∗ in  such that
dim g±αj  1; [gαj
i¯
, g
−αj
i¯
]
/= 0 if − αj ∈ , i = 0, 1;
(4) h and {g±αj , 1  j  l} generate g;
(5) g01¯ = 0, 0 ∩ 1 ∩ {α1, . . . , αl} = ∅.
Lemma 2.1. Let g, h be as above. Then we have the following results:
(i) If D0 ∈ (Der g)0¯, then
D0(h) ⊆ h (1)
if and only if for any h ∈ h
D0 (h) = 0. (2)
(ii) In this case, D0 satisfies
D0|gα = λαidgα , α ∈ ;
λα+β = λα + λβ if α, β, α + β ∈ ;
λ−α = −λα if α,−α ∈ .
(iii) There is unique h0 ∈ h such that
D0 = adh0.
Proof. (i) Let D0∈(Der g)0¯ and D0(h)∈h ∀h ∈ h. For α ∈ 0, eα ∈ gα0¯ , eα /= 0,
set
D0(eα) = h1 +
∑
β∈0
xβ,
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where h1 ∈ h, xβ ∈ gβ0¯ . Since
D0[h, eα] = [D0(h), eα] + [h,D0(eα)],
we have
α(h)

h1 + ∑
β∈0
xβ

 = α(D0h)eα + ∑
β∈0
β(h)xβ. (3)
Hence
α(D0h) = 0 ∀α ∈ 0.
If α ∈ 1, fα ∈ gα1¯ , fα /= 0, set D0(fα) =
∑
β∈1 yβ , where yβ ∈ g
β
1¯ . Thus
α(h)

∑
β∈1
yβ

 = α(D0h)fα + ∑
β∈1
β(h)yβ. (4)
So
α(D0h) = 0 ∀α ∈ 1.
Therefore (1) implies (2). It is trivial that (2) implies (1).
(ii) By (3), we have
α(h)h1 = 0, α(h)xβ = β(h)xβ ∀h ∈ h.
Hence h1 = 0; xβ = 0 if β /= α, i.e.
D0(eα) = xα.
So when dim gα0¯ = 1, we have
D0(eα) = λαeα.
In particular, if αi ∈ 0, we have
D0(eαi ) = λαi eαi , i = 1, . . . , l;
D0(e−αi ) = λ−αi e−αi if − αi ∈ 0.
By condition (3), we have
λ−αi = −λαi if − αi ∈ 0.
Similarly, (4) implies that α(h)y0 = 0, α(h)yβ = β(h)yβ for all h ∈ h, i.e.,
D0(fα) = yα .
If dim gα1¯ = 1, we have D0(fα) = λαfα, and λ−αi = −λαi if αi ∈ 1.
Condition (4) implies that for α ∈ 
α =
l∑
i=1
kiαi, ki ∈ Z,
6 L.Y. Wang, D.J. Meng / Linear Algebra and its Applications 355 (2002) 1–14
and gα is generated linearly by the vectors of the following form:
[eβ1 , [. . . , [eβn−1 , eβn ] · · ·]],
where βi = ±αj and ∑ni=1 βi = α. So (3) follows from this fact:
D0
([eβ1 , [. . . , [eβn−1 , eβn ] · · ·]]) =
(
n∑
i=1
λβi
)
[eβ1 , [. . . , [eβn−1 , eβn ] · · ·]].
(iii) Since {α1, . . . , αl} is a basis of h∗, there exists unique h0 ∈ h such that
αj (h0) = λαj , j = 1, . . . , l.
Therefore
D0 = adh0. 
Lemma 2.2. Let g be as above, if D ∈ (Der g)0¯. Then there exists xα ∈ gα such that
Dh = h′ +
∑
α∈
α(h)xα for h ∈ h,
where h′ ∈ h, xα is only dependent on D and independent of h.
Proof. Let
Dh = h′ +
∑
α∈0
yα(h),
where h′ ∈ h, yα(h) ∈ gα0¯ . Since
[h, h1] = 0 ∀h1 ∈ h,
we have
−
∑
α∈0
α(h1)yα(h)+
∑
α∈0
α(h)yα(h1) = 0,
i.e.
α(h1)yα(h) = α(h)yα(h1), α ∈ , h, h1 ∈ h. (5)
If α(h) = 0, choose h1 such that α(h1) /= 0. Then (5) implies that yα(h) = 0.
Suppose yα(h) = 0 for all h ∈ h. We can take xα = 0. Now suppose h ∈ h such
that yα(h) /= 0, so α(h) /= 0. Take xα = (1/α(h))yα(h). Then (5) implies that
yα(h1) = α(h1) 1
α(h)
yα(h) = α(h1)xα.
So we have finished the proof of this lemma. 
Lemma 2.3. Let D1 ∈ (Der g)1¯. Then there exists yα ∈ gα1¯ , α /= 0, such that
D1(h) =
∑
α∈1
α(h)yα ∀h ∈ h.
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Proof. Let
D1(h) =
∑
α∈1
yα(h),
where yα(h) ∈ gα1¯ . Since h is commutative,
−
∑
α∈1
α(h1)yα(h)+
∑
α∈1
α(h)yα(h1) = 0,
i.e., α(h1)yα(h) = α(h)yα(h1), α ∈ 1, h, h1 ∈ h.
If α(h) = 0, then choose h1 ∈ h such that α(h1) /= 0. Thus we have yα(h) = 0.
If yα(h) = 0 ∀h ∈ h, choose yα = 0.
Otherwise, we can suppose that h ∈ h is such that yα(h) /= 0. Take yα =
(1/α(h))yα(h). Then
yα(h1) = α(h1) 1
α(h)
yα(h) = α(h1)yα.
So we have finished the proof of this lemma. 
Lemma 2.4. Let D1 ∈ (Der g)1¯ and D1(h) = 0. Then D1 = 0.
Proof. Since
D1[h, xα] = [D1(h), xα] + [h,D1(xα)] ∀xα ∈ gα0¯ ,
we have α(h)D1(xα) = [h,D1(xα)]. Suppose D1(xα) =∑β∈1 yβ . Then
α(h)
∑
β∈1
yβ =
∑
β∈1
β(h)yβ.
Thus α(h)yβ = β(h)yβ , β ∈ 1. Since β /= α, we have yβ = 0. So D1(xα) ∈ gα1¯ .
Similarly, we have D1(gα1¯ ) ⊆ gα0¯ . By condition (5), we have D1(gαi ) = 0 ∀αi .
Then condition (4) implies D1 = 0. 
Theorem 2.5. Let g be a Lie superalgebra satisfying conditions (1)–(5). Then g is
a complete Lie superalgebra.
Proof. Let c ∈ C(g). Hence c ∈ h. Then from
[c, xα] = α(c)xα = 0, xα ∈ gα, α ∈ ,
we know c = 0, i.e., C(g) = 0.
Now let D0 ∈ (Der g)0¯. Then Lemma 2.3 implies that
D0h = h′ +
∑
α∈0
α(h)xα, h ∈ h.
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Therefore
D0 + ad

∑
α∈0
xα

 ∈ Der g,
and 
D0 + ad

∑
α∈0
xα



h = h′.
By Lemma 2.2, it follows that h′ = 0, and there exists unique h0 ∈ h such that
D0 + ad

∑
α∈0
xα

 = adh0.
Therefore (Der g)0¯ ⊆ ad g.
Let D1 ∈ (Der g)1¯. By Lemma 2.4, we can let
D1(h) =
∑
β∈1
β(h)yβ, h ∈ h,
and we have
D1 + ad

∑
β∈1
yβ

 ∈ (Der g)1¯,
and 
D1 + ad

∑
β∈1
yβ



h = 0.
Because of Lemma 2.4 we have
D1 + ad

∑
β∈1
yβ

 = 0.
Therefore (Der g)1¯ ⊆ ad g.
So g is a complete Lie superalgebra. 
Remark 2.6. These conditions are not necessary for complete Lie superalgebras,
see [5].
Using this theory, we can justify the completeness of some Lie superalgebras such
as classical simple Lie superalgebras.
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Theorem 2.7. The following classical simple Lie superalgebras
simple Lie algebras, spl(m, n) (m, n  1; m /= n),
osp(m, 2n) (m, n  1), (δ1, δ2, δ3) (δi /= 0, δ1 + δ2 + δ3 = 0),
2, 3
and their criterion Borel subalgebras are complete Lie superalgebras.
Proof. By Section 2, no. 6, Proposition 1, (a), (b) of [11] and Proposition 2.1.2 of
[6], we know that these Lie superalgebras satisfy conditions (1)–(5) of Theorem 2.5.
Therefore, they are complete Lie superalgebras. 
Remark 2.8. In [6], Kac proved that the above classical simple Lie superalgebras
are complete.
Remark 2.9. From [6,11], we know that the classical simple Lie superalgebras
d(n)/FI2n (n  3), b(n) (n  3) and spl(n, n)/FI2n (n  2) are not complete.
For d(n)/FI2n, since 1 = {0} ∪ 0, so condition (5) cannot hold. For b(n) or
spl(n, n)/FI2n, condition (4) is not satisfied.
Example 2.10. Let g = g0¯ ⊕ g1¯, g0¯ = Fx1 + Fx2, g1¯ = Fy1 + Fy2, be four-dimen-
sional Lie superalgebra. Define bracket in g by
[x1, x2] = x2, [x1, y1] = 0, [x1, y2] = y2, [x2, y1] = y2,
[y1, y1] = −2x1, [y1, y2] = x2.
Other brackets should be zero.
Then h = Fx1 is a Cartan subalgebra of g.
The root space decomposition of g with respect to h is
g = h + gα0¯ + g01¯ + gα1¯ ,
where g01¯ = Fy1, gα1¯ = Fy2, gα0¯ = Fx2.
It is easy to see that D ∈ Der g if D(g0¯) = 0, D(y1) = x1, D(y2) = −x2, and D
is an odd outer derivation.
Therefore, dim g01¯ = 1 = 0 and α is a base of h.
This example shows that condition (5) of Theorem 2.5 cannot be omitted.
3. The construction of complete Lie superalgebra
In this section we will give a method to construct a class of complete Lie super-
algebras. The method can be generalized.
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Definition 3.1. A Lie superalgebraH =H0¯ ⊕H1¯ on field F is called the Heisen-
berg superalgebra if
[H1¯,H1¯] =H0¯ = C(H), dimC(H) = 1.
Lemma 3.2. Let V,U be vector space over field F, V ∗ be its dual space, and Fc be
a one-dimensional space over F, and ψ be nondegenerate symmetric bilinear form
on U. Set
H(V ,U) = V +˙V ∗ +˙U +˙Fc
to be the direct sum V, V ∗, U and Fc.
(i) Define bracket in H(V ,U) by
[v1 + f1 + u1 + x1c, v2 + f2 + u2 + x2c]
= (f2(v1)+ f1(v2)+ ψ(u1, u2))c, (6)
where v1, v2 ∈ V, f1, f2 ∈ V ∗, u1, u2 ∈ U, x1, x2 ∈ F. Let H(V ,U)0¯ = Fc,
H(V ,U)1¯ = V +˙V ∗ +˙U. Then H(V ,U) is a Heisenberg superalgebra. We
call it the Heisenberg superalgebra generated by V,U.
(ii) Let I, I ∗ be the even linear transformations of H(V ,U) by setting
I (v + f + u+ xc) = v + 12u+ xc,
I ∗(v + f + u+ xc) = f + 12u+ xc,
v ∈ V, f ∈ V ∗, u ∈ U, x ∈ F.
Then I, I ∗ ∈ (DerH(V ,U))0¯ and [I, I ∗] = 0.
(iii) Let m(V ,U) =H(V ,U) +˙FI +˙FI ∗. Then m(V ,U) is a Lie superalgebra,
with
m(V ,U)0¯ =H(V ,U)0¯ +˙FI +˙FI ∗, m(V ,U)1¯ =H(V ,U)1¯,
and it is a nonessential extension of the abelian Lie superalgebra FI +˙FI ∗ by
the Heisenberg superalgebra H(V ,U).
Proof. (i) Obviously, (6) is bilinear and symmetric. Let vi ∈ V , fi ∈ V ∗, ui ∈ U ,
xi ∈ F, i = 1, 2, 3. Then the Jacobi identity follows from
[v1 + f1 + u1 + x1c, [v2 + f2 + u2 + x2c, v3 + f3 + u3 + x3c]]
= [v1 + f1 + u1 + x1c, (f2(v3)+ f3(v2)+ ψ(u2, u3))c] = 0.
Because of (6), we have [H(V ,U),H(V ,U)] = Fc = C(H(V ,U)). Therefore,
H(V ,U) is the Heisenberg superalgebra.
(ii) Obviously, [I, I ∗] = 0. Let vi ∈ V , fi ∈ V ∗, ui ∈ U , xi ∈ F, i = 1, 2.
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Then
[I (v1 + f1 + u1 + x1c), v2 + f2 + u2 + x2c]
+ [v1 + f1 + u1 + x1c, I (v2 + f2 + u2 + x2c)]
= f2(v1)c + 12ψ(u1, u2)c + f1(v2)c + 12ψ(u1, u2)c
= (f2(v1)+ f1(v2)+ ψ(u1, u2))c
= I ([v1 + f1 + x1c, v2 + f2 + x2c]).
So I ∈ (DerH(V ,U))0¯. Similarly, I ∗ ∈ (DerH(V ,U))0¯.
(iii) This assertion follows from Theorem 2.6 of [4]. 
Remark 3.3. We call m(V ,U) a meta-Heisenberg superalgebra generated by V,U .
Lemma 3.4. Let s be a semisimple Lie algebra, V , U be an s-module, and ψ be
s-invariant (i.e., ψ(au1, u2)+ ψ(u1, au2) = 0 ∀u1, u2 ∈ U) nondegenerate sym-
metric bilinear form on U. Then the following results hold.
(i) The meta-Heisenberg superalgebra m(V ,U) generated by V,U can become
an s-module satisfying
a(v + f + u+ xc + yI + zI ∗) = av + af + au,
a ∈ s, v ∈ V, f ∈ V ∗, u ∈ U, x, y, z ∈ F,
where an f ∈ V ∗ defined by af (v) = −f (av), and s act on m(V ,U) as even deri-
vations of m(V ,U).
(ii) There is a nonessential extension g of s by m(V ,U).
Proof. (i) It is easy to check that m(V ,U) is an s-module. For a ∈ s, xi, yi, zi, ki ∈
F, vi ∈ V , fi ∈ V ∗, ui ∈ U , i = 1, 2, we have
a
([v1 + f1 + u1 + x1c + y1I + z1I ∗,
v2 + f2 + u2 + x2c + y2I + z2I ∗]
)
= −y1av2 − z1af2 − k1au2 + y2av1 + z2af1 + k2au1
= [a(v1 + f1 + u1 + x1c + y1I + z1I ∗),
v2 + f2 + u2 + x2c + y2I + z2I ∗]
+ [v1 + f1 + u1 + x1c + y1I + z1I ∗,
a(v2 + f2 + u2 + x2c + y2I + z2I ∗)],
i.e., s acts on m(V ,U) as derivations of m(V ,U).
(ii) By Theorem 2.6 of [4], g = s +˙m(V ,U) is a nonessential extension of s by
m(V ,U). 
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Now let V be a vector space, set [V, V ] = 0, hence E = idV ∈ DerV . So n(V ) =
V +˙FE is a nonessential extension of FE by V with the bracket
[v1 + x1E, v2 + x2E] = x1v2 − x2v1, v1, v2 ∈ V, x1, x2 ∈ F,
and n(V )1¯ = V , n(V )0¯ = FE.
Let s be a semisimple Lie algebra, and V be an s-module. Then s +˙ n(V ) is a
nonessential extension of s by n(V ) satisfying
[a1 + v1 + x1E, a2 + v2 + x2E] = [a1, a2] + a1v2 + x1v2 − a2v1 − x2v1,
a1, a2 ∈ s, v1, v2 ∈ V, x1, x2 ∈ F.
Theorem 3.5. Let s be a complex semisimple Lie algebra, Ui, Vj , Wi, 1  i  m,
1  j  n, be simple s-module, and nondegenerate symmetric bilinear form ψi on
Wi, 1  i  m, be s-invariant. Let
r = m(U1,W1)⊕ · · · ⊕ m(Um,Wm)⊕ n(V1)⊕ · · · ⊕ n(Vn).
Then g = s + r is a complete Lie superalgebra.
Proof. Obviously, g = s +˙ r is a Lie superalgebra, where gi = δ0¯is + m(U1,W1)i +
· · · + m(Um,Wm)i + n(V1)i + · · · + n(Vn)i, i = 0¯, 1¯.
It is sufficient to check that g satisfies conditions (1)–(5) of Theorem 2.5.
Let h0 be a Cartan subalgebra of s. The root space decomposition of s with respect
to h0 is s = h0 +˙ ∑α∈0 sα.
Let λi be the highest weight of Ui , the weight set of Ui and denote by i . Then
the lowest weight of U∗i is −λi = λ∗i , and the weight set of U∗i is ∗i = −i . Let the
highest weight of Vj be σj , and the weight set of Vj be j . Let the highest weight
of Wj be γj , and the weight set of Wj be j .
Let the weight space decomposition of Ui , U∗i , Wi and Vj with respect to h0 be
Ui =
∑
µ∈i
Uiµ, U
∗
i =
∑
µ∈∗i
U∗iµ, Wi =
∑
µ∈i
Wiµ, Vj =
∑
µ∈j
Vjµ.
It is easy to prove that
h = h0 +˙
m∑
i=1
FIi +˙
m∑
i=1
FI ∗i +˙
n∑
j=1
FEj
is the Cartan subalgebra of g, and it is abelian. Then the decomposition of g with
respect to h is
g = h+˙
∑
α∈0
sα+˙
m∑
i=1

∑
µ∈i
Uiµ+˙
∑
µ∈∗i
U∗iµ+˙
∑
µ∈i
Wiµ+˙Cci

 +˙ n∑
j=1
∑
µ∈j
Vjµ.
Obviously, adh is semisimple for h ∈ h.
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Now for α ∈ 0, we extend α to h by
α(h) = α(h), h ∈ h0;
α(Ii) = α(I ∗i ) = α(Ej ) = 0, 1  i  m, 1  j  n.
We extend µ ∈ i to h by
µ(h) = µ(h), h ∈ h0;
µ(Ik) = δik, 1  k  m;
µ(I ∗k ) = µ(Ej ) = 0, 1  k  m, 1  j  n.
Extend µ ∈ ∗i to h by
µ(h) = µ(h), h ∈ h0;
µ(I ∗k ) = δik, 1  k  m;
µ(Ik) = µ(Ej ) = 0, 1  k  m, 1  j  n.
Extend µ ∈ j to h by
µ(h) = µ(h), h ∈ h0;
µ(Ek) = δjk, 1  k  n;
µ(Ii) = µ(I ∗i ) = 0, 1  i  m.
Extend µ ∈ i to h by
µ(h) = µ(h), h ∈ h0;
µ(Ik) = µ(I ∗k ) = 12δik, 1  k  m;
µ(Ej ) = 0, 1  j  n.
Then if {α1, . . . , αl} is a simple root system of 0, hence
α1, α2, . . . , αl, λ1, λ2, . . . , λm, λ
∗
1, λ
∗
2, . . . , λ
∗
m, σ1, σ2, . . . , σn, γ1, γ2, . . . , γm
are the basis of h∗, where α1, α2, . . . , αl are even roots, λ1, λ2, . . . , λm, λ∗1, λ∗2, . . . ,
λ∗m, σ1, σ2, . . . , σn, γ1, γ2, . . . , γm are odd roots and
s±αk , Uiλi , U∗iλ∗i , Vjσj , Wiγi (1  k  l, 1  i  m, 1  j  n)
are one-dimensional.
It is clear that −λi , −λ∗i , −σj , −γi, 1  i  m, 1  j  n, are not roots, −αk ,
1  k  l are roots, and [sαk , s−αk ] /= (0).
Obviously, h, s±αk , Uiλi , U∗iλ∗i , Vjσj , Wiγi , 1  k  l, 1  i  m, 1  j  n,generate g.
Obviously, g01¯ = 0, and
{α1, . . . , αl} ∩ {λ1, λ2, . . . , λm, λ∗1, λ∗2, . . . , λ∗m, γ1, . . . , γm, σ1, σ2, . . . , σn}= ∅.
So g satisfies conditions (1)–(5). Therefore g is a complete Lie superalgebra. 
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